Abstract
Introduction 9
The design of pneumatically actuated flexible arms have been championed by several research 10 groups for the past two decades. The most notable proponents are Koichi Suzumori and his col-11 leagues at Okayama University [1, 2, 3, 4] and, more recently, George Whitesides and his colleagues ficult to use to generate tractable dynamic models for the arms. Developing models of the latter 21 type are desirable for the development of control algorithms and improved understanding of the 22 design parameters for soft robots.
(c)
elastic rod 50.8 mm Figure 1 : The pneumatically actuated soft robot limb. (a) Schematic of the actuator with the labeling of its dimensions; (b) the actuator which is clamped at one end and free at the other subject to an air pressure of 31 kPa; (c) the elastica model for the deformed arm. The dimensions of the arm featured in (a) and (b) and throughout this paper are w = 15 mm, H = 12 mm, t = 3 mm , t 1 = 2 mm, t 2 = 8 mm, and ℓ = 112 mm.
23
The present paper seeks to examine the efficacy of using a simple rod-based model to predict series of tests that we perform to determine the constitutive relations are simple and can be used 32 to examine future designs of soft robot arms with a goal of producing designs that are easier to 33 model using a rod theory. Our work is closely related to the modeling work of Majidi et al. [7] 34 2 however our model and the particular soft robot arm design considered are different and, partially 35 as a result, we find constitutive equations that are dramatically different from those presented by 36 these authors.
37

Methods
38
We use the popular design of a pneu-net actuated soft robot limb shown in Figure 1 . can be deformed. Examples of this situation are presented in Figure 2 (b). As shown in Figure 2 , one measure of the characterization of the deformation of the arm is to 46 measure the deformed shape of a material line embedded on the bottom surface of the arm. Clearly, as the pressure increases, the curvature of the material line increases.
48
It is possible to estimate the curvature using standard numerical techniques from the shape of is inevitable. However, because this deformation is small compared to the bending deformation,
53
we neglected it for the subsequent analysis. During experiments, air was pressured into the arm 54 and its deformed shape was digitally recorded. The amount of air was gradually increased by 2 55 milliliters and the corresponding pressure was measured with a pressure gauge PCE-P50. For analyzing the digitized images of the deformed arm, we first performed a correction of the values are saved and used to prescribe a corresponding set of points on the soft robot arm and to 65 delete other objects with a similar color spectrum. This process is executed for each image.
66
For dimensionless values, the length ℓ of the arm is extracted using the end points of the initial 67 position (pressure 0 kPa) and used as a scaling factor. Because the painted dots on the robot arm
68
are not perfectly aligned along the axis of the actuator, a Gaussian process regression is used to 69 smooth the measured center points [11] . Additionally, the coordinates of the first target point are
70
shifted to the origin.
71
The curvatureκ of the space curve defined by the targets is determined from the smoothed 72 deformation by the general description for a plane curve defined in Cartesian coordinates, r = 73
here the prime denotes derivative with respect to the arc-length parameter s. As shall be discussed 75 later in more detail, at the conclusion of the first set of experiments, the intrinsic curvature, κ 0 76 as a function of the pressure p and arc-length parameter s can be found and, in the second set of 77 experiments, the curvature κ in the deformed configuration can be determined for loads superposed 78 curvature, we next adapted the first experiments by loading the actuator at its end (see Figure 3 ).
81
To achieve this, a pair of strings were fixed on the end and connected to two spring dynamometers
82
to measure the applied forces in E 1 and E 2 direction. In the initial state (pressure 0 kPa) only a 83 pre-load F A = 0.25 N was applied along the E 1 direction. As the forces on the strings were changed,
84
the deformation of the end of the arm prevented the strings from aligning with the respective E 1
85
and E 2 directions. Consequently, the angles subtended by the strings were also recorded so that 86 the resultant force acting on the arm could be computed. (a) (b)
elastic rod 50.8 mm Figure 4 : The actuator which is clamped at one end and loaded with a force F = 0.175E 1 + 0.07E 2 Newtons at the other subject to an air pressure of 31 kPa. In (a) the deformed actuator is shown and in (b) an elastica model for this actuator is presented.
We assume that the centerline of the elastica is inextensible. In this instance, the coordinate ξ 97 can be identified with the arc-length parameter s of the centerline. The unit tangent vector to the 98 centerline can be parameterized by an angle θ,
and the signed curvature of the centerline can then be defined using θ:
but pressurized actuator. This curvature will be identified as a function of the pressure p in the 
106
We shall assume that the end of the elastica at s = 0 is fixed at the origin while the other 107 end is loaded by a terminal force F. The deformed static shape, r = xE 1 + yE 2 , of the elastica is 108 determined by a set of boundary conditions, constitutive equations for M, and a pair of balance 109 laws:
Here, n = n 1 E 1 + n 2 E 2 is known as the contact force and ρf is the assigned body force. For 111 the applications in the sequel, we assume the deformation of the rod is planar. Consequently, we 112 set ρf = 0 and conclude that n is constant throughout the rod and can be determined from the 113 boundary conditions. The function M remains to be prescribed. In the sequel, we use the weight 114 of the arm mg to non-dimensionalize the forces, the quantity mgℓ to non-dimensionalize moments,
115
and the length ℓ to non-dimensionalize s, x, and y. 
Modeling the Pressurized Arm
117
In the first set of experiments, the arm is clamped at one end and the pressure is increased from to define the function κ p 0 :
By way of illustration, 10 distinct examples of the function κ p 0 (·, s) are shown in Figure 5 (b).
124
We shall see later that, for a given s, κ p 0 can sometimes be approximated by a linear function of 125 pressure. To model the first set of experiments, we assume the elastica is clamped at s = 0 and is unloaded 127 at s = ℓ: n = F = 0. We prescribe the intrinsic curvature κ 0 of the arm using the function κ p 0 :
Assuming a constitutive relation
and M 1 is otherwise an arbitrary differentiable function, we find that the bending moment in the 130 elastica is zero provided κ = κ p 0 . Consequently, the balance laws (4) 5,6 are trivially satisfied.
131
Modeling the Terminally Loaded Arm
132
We now consider an extension to the previous experiment where terminal forces are applied to 133 the end s = ℓ of the rod. An example of this situation is shown in Figure 4 . As the pressure p is 134 varied, the arm deforms and, as recorded in Table 1 , the terminal loads F A and F B also change.
135
Discretizing the material curve on the arm, the deformation of this curve can be recorded and 136 the curvature κ computed (see Figures 3 and 6 ). In addition, the angles needed to relate the 137 measured forces F A and F B to the components F 1 and F 2 of the resultant force
are determined.
139
We can use the results of the earlier experiment to compute κ 0 = κ p 0 (p, s) induced by the 140 pressure p. Thus for each given p, κ − κ 0 for the configurations shown in Figure 6 can be computed.
141
Simply assuming that M = EI (κ − κ 0 ) where EI is determined from the geometry of the arm and bending moment M(s) in the elastica can be expressed as a function of the terminal load:
Motivated by the above identity, we define an estimate M est (s) for M(s) based on measurements
146
of the terminal load F and the deformed shape r of the material curve:
We can then examine how M est (s) varies along the length of the rod and in particular how it varies 148 with κ − κ 0 = κ − κ p 0 (p, s). These results are shown in Figure 7 . Clearly, the moment is no longer 149 a simple, classic, linear function of the curvature difference: M = EI (κ − κ 0 ).
150
We henceforth assume that M est (κ − κ 0 ) can be approximated by a pair of linear functions: 
Results
158
With known of the pressure-dependent parameters have not modeled).
166
We note that of all the parameters we varied, such as the axial force component F 1 , the length 
Concluding Remarks
177
In this paper we have measured the intrinsic curvature κ 0 = κ p 0 (p, s) produced by an air pressure 178 in a soft actuator. Despite the simplicity of the boundary conditions, the resulting curvature field 
where the flexural rigidity D = Figure 7 and Figure 9 .
